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Introduction

I N [1] two methods were proposed for the optimal
reciprocalization of measured displacements. In this Note we

propose a third method which seems simpler and more elegant.

Procedure

A linear structure must fulfill the Maxwell–Betti reciprocal
theorem. This is true for static or dynamic environment ([1–6]). This
theorem expressed in matrix form reads

FtY � YtF (1)

where F�n �m� is the load matrix and Y�n �m� is the displacement
matrix caused by the load matrix applied on the structure. n are the
degrees of freedom of the structure andm is the number of loadings.
Usually the measured displacements T�n �m�, due to different
mistakes, do not fulfill the reciprocal theorem. However, for further
dynamic or static computations the reciprocal theorem must be
fulfilled. The problem is to correct the displacement matrix in an
optimal way in which the reciprocal theorem is fulfilled and the
corrected displacement matrix X�n �m� is as close as possible to the
measured displacement matrix. Here the closeness of two matrices
will be ascertained in a Euclidean sense. The only requirement of the
load matrix F is to be of rank (m).

Hence,

FtF� f (2)

where f�m �m� is a positive definite symmetric matrix. To make the
corrected displacements matrix X�n �m� close, in the Euclidean
sense, to the measured displacements matrix T�n �m� and to fulfill
the Maxwell–Betti reciprocal theorem the following Lagrange
function will be used:

�� 1=2kX � Tk � 1=2�jFtX � XtFj � 1=2�Xij � Tij�2
� 1=2�ik�FjiXjk � XjiFjk� (3)

where the Einstein rule for repeated indices was used. Because of the
skew-symmetric constrain, the Lagrange multiplier ��m �m� is a
skew-symmetric matrix,

�t ��� (4)

By equating to zero the first derivative of � with respect to X one
obtains

X � T � F� (5)

Now,

FtX � FtT � f� XtF� TtF� �f (6)

Using the Maxwell–Betti reciprocal theorem, XtF� FtX, one
obtains for � the following matrix equation:

f�� �f� � (7)

where � is a skew-symmetric matrix.

� � FtT � TtF (8)

For more details see [1].
In [1] one canfind twodifferent techniques to calculate Eq. (7).We

propose here a third technique which seems to be simpler and more
elegant.

The matrix f is symmetric and positive definite and hence can be
decomposed as follows [7]:

AtA� AAt � I AtfA� � (9)

where A�m �m� represents the eigenfunctions and the diagonal
matrix ��m �m� represents the positive eigenvalues of f,
respectively.Hence, usingEqs. (9) one can rewrite Eq. (7) as follows:

�B� B�� G (10)

where

B� At�A; G� At�A (11)

The solution of Eq. (10) is quite simple:

Bij �
Gij

�i � �j
(12)

Equation (12) shows that the solution always exists and it is unique.
From Eqs. (11) one obtains finally

�� ABAt (13)

The corrected displacements can be obtained by using Eq. (5).
In [1] a positive definite symmetric matrix  �5 � 5� represents the

flexibility matrix of a linear structure. The load matrix F�5 � 4� was
chosen quite arbitrarily. The rank ofF is, of course, 4 as required. The
“measured” displacements T�5 � 4� were obtained by adding to the
exact displacements Y �  F randomly obtained from �1–� 5%
“errors.” Many computations were performed using the numerical
example given in [1] and, of course, the results obtained by the three
techniques were identical.
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